Recently introduced classical theory of gravity in non-commutative geometry is studied. The most general (four parametric) family of D dimensional static spherically symmetric spacetimes is identified and its properties are studied in detail. For wide class of the choices of parameters, the corresponding spacetimes have the structure of asymptotically flat black holes with a smooth event horizon hiding the curvature singularity. A specific attention is devoted to the behavior of components of the metric in non-commutative direction, which are interpreted as the black hole hair.
Introduction
General relativity is, in a sense, the most interesting field theory because the propagating field -the metric tensor -encodes the geometrical properties of the space-time in which all other fields propagate. Thus, the gravity field couples to all remaining matter and in this sense it is universal. It was always very tempting to give a geometrical interpretation also to other physically relevant fields, like electromagnetic or Yang-Mills potentials. The oldest such scenario is the Kaluza-Klein one in which the components of the metric tensor corresponding to N additional coordinates of the 4+N-dimensional space-time play the role of the matter fields [1, 2, 3] . There are many variants of the Kaluza-Klein approach but all of them have some common features. Namely, the higher dimensional space is "real" and one has to look for realistic dynamical compactification which would lead to vacua with a very tiny size in the N extra dimensions. Thus, the study of the Ddimensional systems may be something far more than an academic exercise.
Among more modern geometrical theories of matter the important role is played by string theory [4] . The dynamics of the massless modes of the string is governed by an effective action which possesses the reparametrization invariance and describes the interaction of the metric tensor with the axion and dilaton fields. The important lesson to be learnt from this consists in emergence of new matter field multiplets (i.e. axion and dilaton) in the theory, reflecting its underlying geometrical structure. In this sense, those new fields can be understood as being of the geometrical origin.
Recently, some activity was devoted to the formulation of general relativity in the framework of non-commutative geometry of A. Connes [5, 6] . The fundamental algebra of the non-commutative geometry was chosen to be the algebra of two by two diagonal matrices with C ∞ functions on some D-dimensional manifold as the entries. Speaking more intuitively, the spacetime consisted of two smooth manifolds-the sheets and it had a component measuring the distance of the sheets (for the details see [5, 6] ). Thus, apart from the standard general relativity metric, there were components taking into account the relation between two sheets. Indeed those components appeared in the final action as the "matter" fields from the point of view of the standard general relativity. In this way we may try to give geometrical meaning to various matter fields, using an appropriate non-commutative geometry setting.
In the paper by Chamseddine, Felder and Fröhlich [5] , the geometrical interpretation was given to the massless scalar field coupled to general relativity. On the other hand, in the work by Klimčík, Pompoš and Souček [6] the evaluation of the non-commutative Einstein-Hilbert action resulted in somewhat exotic coupling of the vector field to standard general relativity Lagrangian:
where
and ∇ µ is covariant derivative. We have written the corresponding action in D dimensions because the main point of this paper consists in studying the properties of the system in dependence on D. In four dimensions we have found the solutions of the model which the black hole structure with the V α field playing the role of hair [7] . It turned out that while the metric was the standard black-hole-like one with the smooth horizon, singularity at the origin and vanishing curvature in the asymptotical region the hair was less "healthy". Indeed there was a critical radius (which could lie below the horizon) under which the hair became imaginary! This is very peculiar singularity of the hair because otherwise nothing happens at that point -the curvature is smooth and bounded as well as the hair is.
Considering the dimension of the spacetime as a parameter of the physical theories has brought about many important insights about the dynamics of physical systems [8] . The higher-dimensional theories can be relevant in the Kaluza-Klein scenario and lower-dimensional ones describe dynamics of some particular subsets of degrees of freedom of four dimensional models. It is therefore natural to study the dimension dependence of our non-commutative theories.
In the present case we were very much interested what is going to be the destiny of the "imaginary hair" pathology in arbitrary dimension. We have found, by solving quite a complicated system of equations, that due to specific structure of the field equations this pathology is inevitable only in four dimensions! Moreover, the space of the solutions within the static spherically symmetric ansatz is richer comparing with the four dimensional case.
In what follows, we shall find the general D-dimensional solution within the ansatz (in sec.2) and will describe both its metric properties (sec.3) and its hair (sec.4). We find many black hole space-times with real hair. The case D = 3 we will treat separately. We shall dicsuss what we have learned from those concrete results in sec.5: Conclusions and Outlook.
Non-commutative action in D dimensions
Generalizing the 4-dimensional action obtained from non-commutative geometry to the arbitrary dimensional spacetimes (with metric of signature − + · · · +) we get the new action
It what follows we will find convenient to define the new fields f α , σ as
V 2 (similarily as in [7] ). Then the action becomes
with Lagrange multiplier Λ. Variations of action (2.2) with respect to Λ,
where [α β] means the symmetrization in the indices, i.e.
As we are interested in static, spherically symmetric solutions of this system, let our metric have the form
where dΩ 2 D−2 is the standard round metric on the sphere S D−2 . In agreement with (2.3) we assume that only f 0 and f 1 components of vector f α are nonzero. In this ansatz the equations of motion are
(where (2.10) is actually the first integral of (2.4) with an integration constant A).
The solution of the field equations in D dimensions
Extracting Λ from Eq. (2.7) and Eq. (2.9) 2 and integrating the obtained relation we (as in [7] ) arrive at
where K is a constant. Substituting Eq. (3.1) and Eq. (2.7) into Eq. (2.10) we obtain
The difference of Eq. (2.11) and Eq. (2.12) results in
and Eq. (2.12), combined with Eq. (3.2), yields
Using Eq. (2.7) and inserting f 1 f 1 from Eq. (3.4) into Eq. (2.4), we obtain
The general solution is
It is straightforward to solve the Eq. (3.5) in D = 3. The general solution in this case is
In higher dimensions we change the variable r → σ, and obtain 
where 4. The analysis of the solution in D dim.
At this moment we have only "raw" solutions of equations of motion. In principle, we know everything about the system. From (3.7) we can obtain σ. Formulae (3.11) and (3.1) give us the metric of the spacetime. V 0 and V 1 can be obtained using (3.4) and the definitions of f 0 , f 1 . Now we shall study deeper the properties of the solutions. Let us start with 3-dimensional case. 
It is easy to see that e ν → k 2 , e λ → e −2K c 2 1 k 2 for r → ∞. We know that σ is positive, thus c 1 > 0. In the asymptotic region (r → ∞) we need g 00 < 0 and, therefore k 2 > 0. Then g 11 > 0 for r → ∞, as it should. Moreover, there is an event horizon if k 1 > 0.
Case II. Let c 1 = 0 and 0 < κ < 1. Then σ(r) = c
From σ > 0 it follows c 2 > 0 and from the asymptotic behavior of g 00 we have k 1 > 0. Then the horizon does exist if k 2 < 0 and it is given by
Is there any curvature singularity hidden behind the horizon? The formula for scalar curvature in D-dimensional spacetime with metric of form (2.6) is
Using this formula for D = 3 we can calculate that R → ∞ for r → 0, R → 0 for r → ∞ and R is finite for r = 0. Thus in both "right" cases (I, II) the spacetime is asymptotically flat, smooth at the horizon and singular at r = 0 3 . Now we are going to analyze the behavior of hair.
Hair in 3-dim.
Let us first study the case I when c 2 = 0 and κ > 1. Inserting the metric (4.1) into Eq. K we can arrange that the region where f 1 f 1 is negative is hidden behind the horizon. Then if we require the asymptotical positivity of f 0 f 0 , we will obtain another condition, viz. A < c 1 k 2 e K , which has to be also satisfied. It is clear that both inequalities cannot be satisfied at the same time for watever κ > 0. Therefore this case is out of our interest.
The next (and in D = 3 the most interesting) case is when c 1 = 0 and 0 < κ < 1. Inserting the metric (4.2) into the (3.4) we obtain
Using the definition f 1 = σV 1 we have
From equation (4.5) it is then clear that V 1 V 1 ≥ 0 everywhere, in all spacetime and that V 1 V 1 → ∞ when r → 0. Using Eq. (2.7), we can see that
where we have introduced the costants Y, Z as follows
Inserting the metric (4.2) into the Eq. (4.8), we obtain
where e λ(r) = Xr
Calculating then the coefficient (X − Y Z), we see that it is negative and this implies that r crit does not exist, because k 2 is also negative. This means that the V 0 V 0 does not change its sign above the horizon. The sign is plus as it is seen from the asymptotical behavior of V 0 V 0 . Note also that only one condition for A is to be fulfilled because (4.9) implies (4.6).
We conclude that in the case II the hair is real everywhere. Recall that in four dimensions there was no such solution [7] . 
and, consequently
(4.11) Note that A D−5 > 0. We would like to find the black hole solution. Let us set one of the integration constants k 1 , k 2 equal to zero. Start with the case when k 1 = 0. Then the horizon does exist if k 2 < 0:
The another case is when k 2 = 0. Then the horizon is located at
The direct computation using (4.4) shows in both cases that R diverges for r → 0, tends to zero for r → ∞ and is finite for r = 0 4 . The conclusion is that our horizons hide the curvature singularities, i.e. we have the standard black-holes.
The hair in D ≥ 5
First of all, let us study the behavior of V 2 = V α V α , the only scalar which can be constructed from our vector field V α . Because we are interested in the case when c 1 = 0 we have
From this expression it is clear that V 2 is positive everywhere, tends to zero for r → ∞ and is smooth and bounded at the horizon.
Let us go to study the components of vector V α . Let k 1 = 0. Inserting the metric (4.10), (4.11) into (3.4) we can see the behavior of f 1 f 1 . f 1 f 1 → finite positive constant and f 1 f 1 → −∞ when r → ∞ and r → 0 respectively. There is one null point of f 1 f 1 in r = r crit , which depends on integration constants. Choosing the appropriate integration constant A, we can move this null point below the horizon. Then f 1 f 1 > 0 for r > r crit . The analysis of f 0 f 0 shows that f 0 f 0 → ∞ and f 0 f 0 → 0 for r → 0 and r → ∞ respectively, but it is not necessarily positive everywhere. To ensure the positivity of f 0 f 0 at least for r > r crit (while r crit < r H ) we have to satisfy the following condition (cf. the similar case in D = 4 [7] )
The behavior of V 0 V 0 is qualitatively the same as the behavior of f 0 f 0 . Note that in this case of choice of integration constant the behavior of hair is very similar to 4-dimensional case (see [7] ).
Qualitatively new (and in D ≥ 5 the most interesting) case occurs for k 2 = 0. Then the metric has the form
Footnote 3 from page 9 applies here too.
Inserting this metric into the expression
we obtain that
It can be shown that C is a positive constant. From (4.13) it is clear that using appropriate constant A, namely A < c
2κe K E, our hair V 1 V 1 is positive in all spacetime. What about the behavior of V 0 V 0 ? From the formula (4.7) it follows that V 0 V 0 is positive below the horizon, and using (4.13), it can be shown that V 0 V 0 is positive also everywhere above the horizon. Thus this case the hair V 0 V 0 and V 1 V 1 are positive everywhere. Note that V 0 V 0 diverges at the horizon, though the invariant V α V α is smooth everywhere, including the horizon. It is not clear, however, how pathological is the divergent behavior of the non-invariant components of the field. It may be, that other propagating field coupled to V α do not feel any singularity at the horizon (as it is the case of another well-known case with the singular hair, i.e. the Bekenstein black hole 5 [9] ). The problem certainly requires a deeper analysis.
Conclusions and outlook
We have obtained the general D-dimensional static spherically symmetric solutions of the specific vector σ-model coupled to the Einstein gravity. The model arises in the studies of pure gravity in the non-commutative geometry setting. We have found a large subclass of the solutions having the structure of standard assymtotically flat black holes with a smooth horizon covering the curvature singularity. We have interpreted the "non-commutative" components of the metric as the hair and we found the dependence of its properties on the choice of integration constants. The latter turned out to be nontrivial and, in fact, quite restrictive. Unlike the case of D = 4 [7] (where the hair was necessarily imaginary near the singularity), there are the black hole solutions with the real hair everywhere! Thus, the peculiar singularity of the four dimensional black hole space-times can be removed by increasing the dimension.
We believe that the model (2.1) deserves further study, because maintaining the reparametrization invariance it decreases the propagating degrees of freedom of the standard gravity. Indeed, it can be seen from Eq. (2.3), that the "direction" fields f α play essentially the role of the Lagrange multiplier. This property may be very important for further quantization. It can be also very interesting to find the consequences of the fact that the theory has the geometrical origin in the sense of non-commutative geometry.
